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Born-Oppenheimer Approximation
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the wave function , in generaljs a function of all electronic and
nuclear coordinates and of the tinteThat is,

W= W(riaRlat) ’
where the r; are the electronic coordinatesand the R are the
nuclearcoordinates TheHamiltonianH, of the crystalis
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m is the electronicmass,M; is the massof the nucleuslocatedat
R, Zis the atomic number of the nucleusat R, and e hasthe
magnitudeof the electroniccharge



By simplification, we can also write

HC:TE+U+TN:H0+TN1 HO:TE+U.

Here, Tz be the kinetic energy of the electrons, Ty be the kinetic
energy of the nuclei, and U be the total Coulomb energy of
interactionof the nucleiandthe electrons

Nucleihavelarge massesaand hencein generalthey havesmallkinetic
energies Thusin the aboveexpressionit makessomesenseto regard
Ty as a perturbation on H,. Under the adiabaticapproximation,the
total wave function - (r;, R) can be written as a product of the
electronicwavefunction. .(r;) (with the nucleifixed)timesthe nuclear
wave function X(R) (with the electronsin some fixed state) In this
approximationthe electronsprovidea potential energyfor the motion
of the nuclei while the moving nuclei continuouslydeform the wave

function of the electrons

C.iQ2:q 3BQ®Bi2,q herenlabels an electronic state.



Crystal Dynamics

A Atomic motions are governedby the forcesexerted on atomswhen
they aredisplacedrom their equilibriumpositions

A At anyfinite temperature,the lattice structureis not staticandthere
will be thermalvibrations

A Theselattice vibrationscan be describedin terms of normal modes
describingthe collective vibration of atoms The quanta of these
normalmodesare calledphonons

A Tocalculatethe forcesit is necessaryo determinethe wavefunctions
and energiesof the electronswithin the crystal Fortunately many
important propertiesof the atomic motions canbe deducedwithout
doingthesecalculations

A The phonons mainly contribute both to the specificheat and the
thermal conduction of the crystal, and they are also important
becauseof their interaction with other energy excitations,causing
electricalresistivityandthermal expansion
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ThreeModesof PlaneWaves

When a wave propagatesalong one of symmetric directions in cubic
crystals entire planesof atomsmovein phasewith displacementsi either
parallel or perpendicularto the direction of the wavevector We can
simplify the problem to one dimension For eachwavevectorthere are
three modesassolutionsfor u, one of longitudinalpolarizationandtwo of
transversepolarization

LongitudinalPlaneWaves
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TransversePlaneWaves
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planes in equilibrium

LongitudinalPlaneWaves

For brevity we consider only nearestighbor interactions, witlp =% 1.

planes displaced
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The equation of motion of an
atom in planesis

d’u,
dt2 — C<us+l + Ug—1 — 2“5)

M

where M is the mass of an atom.

Assumethe solution contains
time dependent term e? - U
then

_M(UQUS = Clugyy +u_y — 2u)



—Mo’u, = Clu,, +u,_, — 2u,) is a difference equation and has traveling wave

solution of the form:

whereais the spacing between planes aKts the wavevectoanda ~ K

We then have
—w*Mu exp(isKa) = Cuiexpli(s + 1)Ka] + expli(s — 1)Ka] — 2 exp(isKa)|
: g
w’M = —Clexp(iKa) + exp(—iKa) — 2] m w®> = (2C/M)(1 — cos Ka)
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or
w = (4C/M)"?|sin 3 Ka/|
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